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1 Introduction 



The Lorentz group plays a fundamental role in physics. First, it constitutes the homogeneous 
part of Poincare group which is intrinsically connected to the geometry of the space-time and 
leaves invariant all physical systems discribed by the special theory of relativity. Second, the 
different representations of Lorentz group are field discribing particles which constitute the 
physical systems. For these reasons, it is especially interesting to study the noncommutative 
version of the Lorentz group. 

The other reason which makes the study of the quantum Lorentz group interesting is due to 
the fact that in quantum field theory based on a classical space-time and a classical lorentz 
group there exist difficulties tied to small space-time distances. One may hope to solve these 
difficulties by new tools provided by the noncommutative geometry [1-4]. 
The construction of quantum Lorentz group has been considered by many authors, either di- 
rectly [5-6] or in the context of the quantum poincare group [7-8]. Despite intensive efforts, 
these studies do not completly describe the quantum Lorentz group. 

In this paper one constructs quantum Lorentz group out of the quantum SL(2, C) group by 
showing how all properties of the former can be deduced from the later which are well known. 
The paper is organized in the following way. In Sect. 2 we recall the well known results pro- 
vided by the bicovariant calculus over SL(2, C) and SU(2) quantum groups. We shall assume 
that the undotted (conjugate) and dotted generators of quantum SL(2, C) group satisfy the 
commutation rules of the quantum SU{2) group. 

In Sect. 3 the construction of quantum Lorentz group is carried out of the quantum SL(2, C) 
group following the analogue of the homomorphism for the classical group 5*0(1, 3) ~ SL(2, C)\Z 2 - 
We shall start by investigating the quantum analogues of the Pauli matrices from which we 
construct an adequate Minkowsky metric. An example of a two parameters deformation is 
given and the completeness relations are established. From the properties of the quantum 
Pauli matrices and the generators of SL(2,C), we construct the generators of the quantum 
Lorentz group. We show that they satisfy the axiomatic structure of the Hopf algebras and the 
orthogonality relations. We also construct the 1Z matrices of the Lorentz group out of those 
of SL(2, C) group. These 1Z matrices satisfy the Yang-Baxter equations, the Hecke relations 
and exhibit the quantum symetrization properties of the Minkowsky metric. 
In Sect. 4 we investigate the properties of the Minkowsky space. In particular, we show that 
the Minkowsky metric induces an invariant norm which commutes with the Hopf algebra A 
generated by the quantum SL(2, C) group generators, the undotted and dotted basis (spinors) 
of the bicovariant bimodule over A and the quantum coordinates of the Minkowsky space. 

2 Bicovariant Calculus On SL(2, C) and 577(2) Quantum 
Groups 

Before we start to construct the quantum Lorentz group out of the quantum SL(2, C) group, 
let us recall some results provided by the bicovariant calculus over the SL(2,C) and SU{2) 
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quantum groups. Let an unital ★-algebra A generated by Mj 3 (a,(3 = 1,2) which preserves a 
nondegenerate bilinear form e 

e a pM 7 a M/ = e lS I A , e^M^M* = e«H A , e^e^ = 8^ = e^ a 

which are the unimodularity conditions. The nondegenerate bilinear form e is considered 
as a quantum spinor metric, I A being the unity of A. To preserve these conditions under 
the antimultiplicative involution * : A — > A, the spinor metric must satisfy the condition 

(£0,9)* = ^ £ pa w ^ n ^* = ^ fading to: 

e ap M^M/ = £ .gI A , e^M^M/ = e^I A , e«%j = $ = e $ . 

where Mj 3 = (Mj 5 )*. For convenience, we take A = 1. A carries a structure of a *-Hopf 
algebra with a coaction A : A — > A <S> A, a counit e : A — > C and an antipode S' : ^4. — > 
defined on the generators by A(Mj 3 ) = <g> M/, e(M/) = and S(M^) = e^M^e^. 

On the dotted copy, we have (A(M/))* = A((M/)*) = A(M/) = Mj <g> M^, e(Af/) = <jj 

and S(M/) = e^M^e^. the involution * acts on the antipode as (S(M/)Y = e^M^e^ = 

S-\M/). 

It is known [9] that the generators of a such system satify the noncommutativity relations 
R ±c fM^ c M s p = M u a M p ^I&' 7 ^ where the forms of the R matrices are given by R^f = 
5^5^ + a ±1 e a/J e 7 a satifying B^fR^f = 5*5% with a + a" 1 + e af3 e a(3 = 0, and a ^ 0. These 
R matrices satisfy the Yang-Baxter equation, the Hecke equations (R^ 1 + a ±2 )(i? ± — 1) and 
e^R^R^f = a*% s 6 p a . 

Now, we consider a right-invariant basis 9 a of the bicovariant bimodule T over A on which the 
right coaction acts as A R (9 a ) — 9 a ® I, A R (9a) = 9 (}c ® I and the left coaction acts as 



A L (9 a ) = M/®9p , A L {e a ) = S{M%)®9 13 

A L (e & ) = Mj®e $ , A L {9«) = S-\Mp®9f ) (1) 

where (6 a )* = 9& and the spinorial indices are lowered and raised as 9 a = 9^ep a , 9 a = 9pe l3a , 
9 a = e al3 9p and 9& = 6^9^ . From the bicovariance properties of the bimodule A — Y [4] we 
can show the existence of functionals / : A — > C satisfying the following properties 

9 a a=(a*fJ 3 )9p , e a a = (a* jf^ (2) 

0aa=(a*fJ)6 $ , 6 a = (a*//)^ (3) 

a9 a = 9 p {a * // o S) , a9 a = 9%a * // o S) (4) 

a9 & = 9 $ {a * // o 5) , atf" = 9%a * o 5) (5) 

= /«»//(&) , //(a&) = / 7 V)/ Q 7 (&), (6) 
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f/(ab) = /,>)//(&) , f/(ab) = Jf{a)J & \b) (7) 

ff{i) = € = . fM = € = fM (8) 

MJ(//*a) = (a*/J)M/ , S(M J a )(f /3 y * a) = (a * //)S(M/), (9) 
Mf(fj*a) = (a*fJ)M^ , S-\M*)(f£*a) = (a */^)5" 1 (M/) (10) 

where the convolution product is defined by a * / = (/ ® ^)A(a) for any a G A Setting 
o = iS'(a) (<S' _1 (a)) into the right undotted (dotted) relation of (9)((10)), then applying S~ 1 (S) 
and comparing with the corresponding left undotted (dotted) relation of (9) ((10)), we get 

ff = ffoS,f/ = f/oS-\ (11) 

For the generators of A, the left relation (9) gives M^M p 5 f^{M s a ) = f a ^(M p s )M s a M^ 
which shows that there exist two functionals f±^(M s p ) proportional to the R ±p ^ matri- 
ces. Applying these functionals on both sides of the unimodularity condition, we obtain: 
/ ±7 Q (M/) = a^R% a and f ± «(S(M s p )) = a^lFff [10]. The same procedure can be used 
for the dotted copy of A generators. Then there exist two basis 9± a corresponding to the 
functionals f±a. 

Applying the ★ involution on both sides of (2) and (3), we get respectively 

(6 ±a ay = (9 ±f3 y(fJ(a {1) )ya* {2) = a*{9 ±a )\ (0£a)* = (^(/^Ki)))*^) = a*{9%)\ 
{9 ±6l aY = (6 ±$ y(fJ(a (1) )ya* (2) = a*(6 ±a y and (0*a)* = (4r(/JW)*«&) = a*(^)*(12) 

where a(i) and ap) denote elements of A(a) = a(i) ® a(2). In the other hand, for a = a*, (4) 
and (5) give respectively 

a*9 ±a = 9± f} fJ{S{a\ 1) ))a\ 2) , a*9% = ^/ ±/ ?(5(a^))^ 2) 
a*6 ±A = e ±fi fJ(S(afo))at 2) , a*9% = 9lfj{S{a\ 1) ))a\ 2) . (13) 

But for a = M/, we have (/ ±( f (M/))* = (a^i?^)* = a^R^l = fJ(S(Mj)) for a real. 
Therefore (12) and (13) are consistent if (6± a )* = T a and (9±)* = 9® yielding 

(fJ(*))* = fJ(S(a*)), (fj(a))* = fJ(S(a*)), 
(fJ{*)Y = fJ(S(a*)) and {fJ(«)Y = Ua( S ( a *))- (14) 

Finally, by using the spinor metric to raise the indices of the right invariant basis into (2) and 
(3), we may also show that 

f±a = £ ^ ]±8 e ia an d £ ^ f±£ £ ia = f±a ■ (^) 

In this stage, we have no indication on the explicit forms of f±^(M^ p ) or f±^{M s p ) to control the 
noncommutativity between undotted and dotted generators of the quantum SL(2, C) group. 
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To carry this point we assume either the generators MJ 3 commute with Mj 3 or are controled 
by the R matrices satisfying the properties of the quantum SU{2) group. In the following we 
assume the later possibility. 

To reflect the specific properties of the quantum £77(2) group, we have to add the unitarity 
condition on the generators as Mj 3 = S(Mp a ) and MJ 3 = S~ 1 (M^ a ). Applying S on both sides 

of the unimodularity condition, we may show that the unitarity condition yields e a p = Xe^ 
with AA* = 1. In the following we take A = — 1. Then to be consistent with the quantum 
SU{2) group, the spinor metric must satisfy 

{e a p)* = e^ = -e afi and (e*»)* = e** = -e aP . (16) 

It is easy to see, by using the unitarity condition of the generators into (1), that 9& = 9 a and 
9 a = 9 a implying conditions on the functionals 

f±& = f±p ■> f±i = f±p (17) 

As stated above, we assume that the functionals of the quantum SL(2, C) group satisfy the 
same properties as the SU(2) ones. Therefore, if for example we set a = M & p into the left 
relation of (2), we get 

M a ->M & *f±f(Mfi = / ± J(M/)M/M/ or MJmJh** = H^M/mJ (18) 

where / ±a 7 (M/) = R ±5 J & = / ±Q 7 (£(M/)) = a^R T J a . we have also objects of the form 
/ ± J(£(M/)) = R*± = / ± J(£(£(M/))) = £5A / ± J(£(M/))^ = 

From (6) and (7), we get respectively 

f±2(M*')fJl (S(M 5 P )) = 5i5i = R^R^t (19) 
f±J(S(Mj))f ± ?(M/) = 5?X = R T tR ±P % (20) 

3 The quantum Lorentz group 

To have a correspondence between SL(2, C) and Lorentz quantum groups, we must construct 
the quantum analogues of the Pauli matrices. Let us consider an element X aj j as a tensor 
product of an undotted and dotted elements of right invariant basis of the bimodule A-T 
(bispinor). X aj j can always be expanded on a system of four independent 2x2 matrices 
a 1 T a p{I = 0, .., 3) as Xja 1 ^. X a ^ tranforms as 

A L (X^) = M/M/®X„, , A R (X a$ ) = X a$ ®I. (21) 
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Then, we have 



Proposition (3,1): 

a) There exist four 2x2 matrices <5± Q/3 given by 



= e^R^e^a^. (22) 

such that XjW 1 ^ 13 = X±^ transforms under the left coaction as 

A L (X^) = 5- 1 (M. d )5(M/) <g> X£ p . 

b) a± are hermitean iff a 1 ^ are. In this case Xi are real. 

Proof:, a) Setting into (21) M a a M^ = R^M^M^R^, obtained by multiplying from 
the right both sides of (18) by R T ^I and by using (19), we obtain 



) = K^MfMfRff ® X ci> . 

Multiplying from the left both sides by R^f and using (20), we deduce 

A^XrRlfa 1 ^) = M+MJ ® XjUffo*^ = 
e x ,S'\M^)e 5 ^S{M^)e KV ® XjR^fa 1 ^ 

yielding 

A^X^R^e^a 1 ^) = S-\M^)S{M^) <g> X^R^eTa 1 ^ 

which can be written under the form A L {X^ P ) = A L (X / a£ <i/3 ) = S~\M i & )S{M^) <g> X± 7 
with 



and using (19), we get 



from which we obtain e^d^e^ = R T ^a^. Multiplying from the right both sides by 



°U = e^e^. (23) 
b) Under the conditions (16) on the spinor metric we have (R^JlY = R ±a a P , for a real, implying 



In the other hand, by using (11) and (15), we obtain 

a ±\ £ P PR T 7p£aX = f^( £ Pp Mp °e aX ) = f T :(S-\M/)) = / T :(M/) = 

yielding (cr± ^)* = e^R^e^ia 1 ^)*. Therefore, if (a 1 ^)* = a 1 p& then 



The same procedure can be applyied to (23) to show the converse. It is now easy to see by ap- 
plying the * involution on both sides of (21) that {X a ^)* = X@ a implying Xjo 1 ^ = (Xja 1 ^)* = 

(Xi)*aL which shows that Xj are real. Q.E.D. 



To define a quantum metric of the space M. spanned by X T , we have to define an ade- 
quate trace [10-11] over the spinorial indices which makes invariant this metric under quantum 
SL(2, C) group. 

Proposition (3,2): 

M. is endowed with a metric G IJ given by 

Gl J = ^Tr^ai) = ^a\^e lv = ^r(a^) = ^£*V ^ (24) 
such that 

a) Gj. J XjXj are invariant under quantum SL(2, C) group. 

b) G± J are hermitean if the matrices a 1 ^ are. 



the norm of X as Gl J XiXj = ^e^X^X^'e^ which transforms under SL(2, C) as 



Proof: a) To show the invariance of G under the quantum SL(2,C) group, we consider 

l 

—£"" M " M 



A L (Gl J XjXj) = -e av MJM£S-\Mf)S{M x ~<)e lv ® X ap x£ x 
1 „ 1 



^s au M a a S ( M A 7 ) s JU ® x aS x ± 5X = -^.v;^ ® X a ^X ± 5x = 
I ® ± £ ^X aS XJ x e Xp = I ® ^a^a J j x e Xp XjXj = I ® G^XjXj. 

The same computation may be applyed to show that e^X^ a X a pe v ^ is invariant under quan- 
tum SL(2, C) group. 

Now, using (22) and the form of the R matrices, we obtain 

G± ~~q e a a pE R Xu e a ap e^-—a *e a e p5 R pu e e a af) e li . - 
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—a^e^Sl + a^e^a 1 ^ = 

^y^^-a^a^) (25) 

where we have used (16) in the third and fifth line and the a 1 indices are raised and lowered as 
for the basis of the bicovariant A — T bimodule (c /c ^ = o l ' p y° v 1 ^ = el3 ^ aI ap etc,..). From a 
similar computation we can show that Tr{lj±<7 J ) gives the same form (25) for G ± /J . 
b) if a 1 ^ are hermitean, we have from (16) and the proposition(3,l) 

which shows that the metric G± J is hermitean. Q.E.D. 

Note that if cr^ are hermitean, then as well as Xj as its norm G±XjXj are real. 
Now, we can give an explicit example where we take a 1 the usual four matrices which are the 
2x2 identity matrix cr ^ and the three Pauli matrices <^ % yi = 1, 2, 3) as: 

^ ( 1 \ rr 1 ( M n 2 ( ~ l \ ( 1 \ 

«f> \0 1 J ' <*& \1 J ' <*& \i J ' ^ \ -1 J ' 
For the spinorial metric satisfying (16), we may take the most general form as 



i 



\ it J \ —q 2 %r 



and 

/ i 



\ —q 2 — ir J \ q 2 —ir 



where q and r ^ ±1 are real, d = —r 2 + 1 and Q = a + a 1 = d 1 (2r + q + q : ) = — e a/3 e a/3 . 
With this choice, the computer MAPLE program gives metrics G± J of the form 

( -A {1) 2A {1) rd-\^) Ad^'Qh ^ 

A {2) -a (2) d- 1 Q ( _ ) 2iA {2) rd- l {^) 

2A (1) rrf- 1 (^) a (2) d- 1 Q ( _ ) A (2) -4A (3) r 2 rf- 2 (^^) -2A (2) rrf- 2 Q ( _)Q (|) 

^ A (1) d- 1 g(-) - 2 a (2) rd- 1 (^) -2A (2) rrf- 2 Q ( _ ) Q ( i ) A {2) - A {3) d~ 2 (Q H ) 2 Q ) 
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where = a T 2, A( 2 ) = a ±2 , ^4(3) = a T ' 2 , Q(i) = <P + q 2 and Q(-) = 2 -q~ - The inverse 
G±/j is given by 



( -A4)¥ + ^(2)(%) 2 (Q-2)g nfi^Q^Q ^A (3 )Q ( _)Q 2 ^ 

" f A (3) ^ (3 )Q(_)Q 2 -i^^Q^Q ' 

^^(3)^(1)^ -^ {3 )Q ( -)Q 2 fA ( 3) ' o 

^ ^A^Q^Q* i^A^Q^Q f A (3) j 

where A^ = a ± ^. In the classical limit r = and q — 1, these metrics reduce to the 
classical Minkowsky metric with signature (— , +, +, +). 

From the computer MAPLE program, we obtain the completeness relations as 



o^of^Q^s^ , a ±Ia$ a T r = Q^J C (26) 

or 

^% p a = Q^y p , <rJ^J = Q^ (27) 
where o~ ±Ia p = G±ua J a ^. Note that from the computer MAPLE program we can check that 

— ad s~i — JaB — Ja/3 — JaB j — JaB — JaB s~t 

(Jj = G +IJ a + = G-ijcT- M = G± IJ <j± and a + ' G +JI = a_ ^G_j/. 



Remark(3, 1) : 

- The metric G±u can be written as G±u = G±ilG±jkG± l = G±iLG±jK^Tr(a K a^ z ) = 
^Tr(a±jWj) = G±iLG±,jK^Tr(a±a L ) = ^Tr(ajcr±i). With a way quite analogous that was 
used to derive (25), we may show that 

G±u = ^(a^a/ 5 aj - a^a m a m ) (28) 

- The completeness relations (27) may be used to convert a vector to a bispinor and vice versa 

X as = *Xi = ^X ap af s e Su G ±JI or Xj = ^af a X a5 e^. 

We are now ready to show how two copies of undotted and dotted generators of A may be 
combined to form generators A L X of an unital algebra C corresponding to the quantum Lorentz 
group. 

Theorem (3,1): 

The generators (L, K = 0,1, 2, 3) of the Quantum Lorentz group are given by 

A/ = LtfTpMS^MSert = ^MJal »S-\M?) (29) 
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or 

A/ = ^e aS MJa%M^s, s G ±NL . (30) 

They are real and satisfy the axiomatic structure of Hopf algebras with the relations 

G ±NM A L N A K M = G ±LK I C and G ± LK A L N A K M = G ± NM I C (31) 

where Ic = I a is the unity of C C A. 

Proof: Multiplying from the left both sides of (21) by a N5a and making the trace over 
dotted indices, we get 

A L X L Tr(a™ a a L J = A L X L QG^ L = s.^ a M a °a%M/s^ ® X K 

yielding 

A L X L = ^e.iW« a M a °<j«M^ ®X K = A L K ® X K . (32) 

We can also multiply from the right both sides of (21) by o r ± /37 and take trace over undotted 
indices to have (30). 

To show that (29) is equal to (30), we note that 

a8—N$-y n _ 1 aj-Jfft. — Ap_ c vt _ 

E CF± £y8tr±NL — -q£ CT± ^^v^L a ±Npf£ — 

e^Sle^eyse^a^ = e^afe** (33) 

where we have used G±nl = Tr(~a L a±N) and the completeness relation (27). Substituting this 
equality in (30), we retrieve (29). 

The reality of the generators is obtained by noticing that (o± G±nl)* = G±ln'o^±' 13 = <t l 
from which, we get 

(A/)* = (^ s MJo K ap M^e l5 G ±NL y = ^^M/a^M/e^ = A/ 

due to the fact that a 1 ^ are hermitean. The Hopf structure of the algebra generated by A^ 
is given by: 

a) Acting the coaction on both sides of (29), we obtain 

A(A *) = ^atfMjS-^MS) ® M x a o~ K a ^(M/)^. 
From the completeness relation (27), we deduce 

A(A/) = ±TT L ?Mja I s *S- 1 (MS) ® ^/M A V* >S~\Mf) = A/ ® A/. (34) 
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b) The counity acts as 

1 a K 7 _ ^ 

~ Q 

c) Finally, applying the antipode on both sides of (29), we get 



^l^V = ^G ±LN Tr{a N ± a K ) = G ±LN G N ± K = 5*. 



S(A L K ) = ^S(Mpa K ap S(MJ)a L Sa e y s = ^Mje^a%e aX M^a L % s . 

It now follows from M "' ' = R^ T ^M T & M ~S 'Rf? x , obtained by multiplying from the right 
both sides of (18) by Rfj and by using (19), that 

1 

^%s^aYM T s M/a ±LS$ (35) 

where we have used (23) and G±Licr I a ^ = cr ±La/ j to pass from the second line to the third. In 
the other hand, we have 

a N G ± - — a N e^a± a 5f e - —a N e^e' R o rj) o Sf e 

where we have used (24) and (22). Using the completeness relation (26), we obtain 

V#*Gl K = ^e^R^l^^ 

or 

a Na Lr ± -£pattv a £ & g . [6b) 

Substituting this equality in (35), we get 

S(A/) = ^ N * T M T «a LS$ M/e^G ± NK = 

-qG±lm\& Na M r a 8/3 M p £ )G± = G± LM A N G ± 

from which we deduce the orthogonality conditions (31). (31) may also be checked directly by 
replacing the generators A L K by their expression (29). Then A L K generate a Lorentz algebra 
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C C A (Hopf algebra whose generators are subject to Lorentz group conditions (31)). Q.E.D. 



The noncommutativity between the generators and the elements of A are given by 



Theorem (3,2): 

There exist junctionals F ± £ : «4 — > C given by 



F^ = ^Cf T ^J^f±s^V) (37) 



satisfying : 
a) 



A/(F ± /*a) = (a*F ± /)A/ (38) 



(F ±L K (a)Y = F ±L K (S(a*)) (39) 



c) 



F ±L K (ab) = F ± l(a)F ±I K (b) (40) 

F ±L K (s(a)) = 8*e{a) (41) 

(Fj*F ±I K oS)(a) = (F ± loS*F ±I K )(a) = 6*e(a) (42) 

d) 

T>±NM r<KL _ r^NM <rj±NMr i - n ( A1\ 

!< - KL {j ± — Lx ± > KL ^±NM — t*±KL 

where TZ^if = F ± ^ I (A L N ) satisfy the Yang — Baxter equations and the Heche relations 

('R. ± + a ±2 )(n ± + a^ 2 )('R. ± -l)=0 (44) 



Proof: a) X a p are a right invariant basis of A-M. bimodule transforming under the £ 
algebra as (21). Then we can follow the Woronowicz formalism of the bicovariant bimodule [4] 

to state 

X a ,a = (a * (fj * f ± :))X ap = fj{a {1) )f ± °{a {2) )a m X ap , 
aX ap = X ap (a * (fj * f ± :) o S) = X ap f ± :(S(a {1) ))fJ(S(a (2) ))a (3) (45) 

for any a G A. The convolution product of two functional is defined as (f\ ★ f2){o) = (fi <8> 
/ 2 )A(a). This choice of functionals is justified by the fact that if we apply the * involution on 
both sides of the first relation of (45) and we use the second relation with a = a*, we obtain 

a'Xf* = X p& (f J(a {1) mf±:MrW = ^fJiSial^f^Sia^Ma^)* (46) 
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which is consistent with (14). Now, the bicovariant bimodule formalism [4] can also be applyied 
to the A-M. bimodule to get 

MJ>Mf((fJ * / ± ;) * a) = (a * (fj * / ±Q '))M/M/ 

from which we deduce 

M a °S-\M*){fJ*f±Z*a) = {a*CfJ*f ± °)MSS-\Mp 

where we have used (15). Note that this equation is a combination of the first equation of (9) 
and the second equation of (10). 

Multiplying now both sides from the left by a L ® and from right by a K ^ 13 and using the com- 
pleteness relation (27), we obtain 



(a * (fJa L ? * f^f^ajM^a* ^(M/) 



Q 



yielding 



A L T (F ±I K * a) = (a * Fj)A« , with F ±L K = ^(fJ^ L ! * U<r« 



b) Using (14), (33) and (15), we get 



^ V (/ ± /(«(2)))V^(/ T ;(a (1) ))VfG ±JVi£pa = 
i^/ T 7(5(^ 2) ))a^/ ± ;(^(^ 1) ))e, A are ap ^ = 
^f J(S(a\ 2) ))e. e K x ^f ± £(S(a* {1) ))e ap W L / = 



Q J ^ 5 
}_-„ 

Q' 

c) (40) is deduced directly from (6), (7) and the completeness relation (27) as 



F ±L K (ab) = ^/ T ;(a (1 )b (1 ))a L |47(a {2) 6 (2) )^/ 

' " ' ' ' I7F 5 f . '',•'„ „ 1 f . "(/,.. \rr K P 
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^/^(«(l))/ T |( fe (l))^/ ± / 1 («(2))/ ±1 - 7 (fe(2))< ^ = 

7^(/ T Mi * f±t^;){^Cfj^io T * / ± >* ')(&) = F ± [{a)Fj{b). 
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We also have 

F ±L K (e(a)) = yj{e{a {1) ))a L lU{e{a [2) ))a K ^ = ^JA & e{a) = 5«e{a) 

where we have used (8). (42) can be deduced directly from (40) and (41). 
d) Applying (37) on (29), we get 

n ±NM G LK = ^ { j T pJ * / ± 7< ")i^K0 a Mfa N p "S-\M x n)G ± LK = 

^/J(M/5- 1 (M/))a Lr ^/ ± ;(M Q ^- 1 (M/))^ ?a N p X G ± LK . 

Using Gjf K a Lf 5 a K ° = a Lf s a^ ? = Rrffe^a^aJ = -Q{a ± ^e 5v e Ta + a^e ST e au ), obtained 
from (22), the completeness relation (27), (16) and the form of the R matrices, we get 

-^f?Z(K a )fd(S-\Mf))fJ{MJ>)f^ + = 

~ Q 

where we have used (17). An explicit computation gives 



R^R^R^R^e^s™ = e p/3 e x "< and R^f R^ Rfj e 5r e au = e px e^ 
from which we deduce 

n ±NM G ±LK = _h a ±k £ pP £ Xl + a Th £ P^ )a M P a N A = 

ha^e^e. x - a^e^e^a™ $ a N p x = 
ha^ a N ^ f> - a ^a NXX a M ^) = G± M 
where we have used (16) and (25). A similar calculation gives 

The Yang-Baxter equations may be obtained by applying F ±L X on both sides of (38) for 
a = Aj^ 1 and then using (40). Using the Hecke relations of the R matrices, we obtain after a 
explicit straightforward calculation 



Q 



T^fj M T^LK = (2 - a ±2 - a^K^i 1 + 5? 6% + 

L„T2/i _ „±2n D±^n±A7 ffTra M $ N A- 5- a , 

a [l a )n Sa n , K n Ta a a a Li _a Kg -\- 
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(1 - a ±2 )^ L T + ^R^H^I^o^ *o» p h L ?a K ° and 

J_ d±A 7 T?T^ M $ N X- p- a V ±IJ _ 

q 2 n iv n an n tct a 7 ° p °It ° Ju /c LK ~ 

(1 - a+ )7C £K + ~Q2 ^ q p Ta 7 ^ p °Lf°K{3 

leading to (44) . Q.E.D. 



As for the A-T bimodule, the existence of two functional F ±L K leads to two right invariant 
basis X±j of the A — M. bimodule satisfying 

X ±L a=(a*F ± *)X ±K , iffl = (a* Pg> L )x£ )K 
aX ±L = X ±K (a*F ± ?oS) , aXf )L = xt )K (a * £g) L o 5) (47) 

for any a£ A The indices are raised and lowered by using the Minkowsky metric as XlG± k = 
X^ K . Following the same formalism applyied to the bimodule, we may show that 

F ±L K = G« M m N G ±NL and *£> K oS = F ±L K 

implying 

G£ in F ± ^ * F ± «(a) = G ± KL e{a) and G ±KL Fj * F ± « (a) = G ±MN e{a) (48) 
for any a G A. 



4 Quantum Minkowsky space 

We consider the elements Xj of right invariant basis of the A-M. bimodule as coordinates which 
span the Minkowsky space M. over the field R. Then Minkowski space is equipped either with 
coordinates X + j and metric G + u or with coordinates X_j and metric (32) shows that 

Al '■ M. — > C®M. is a corepresentation of L in the vector space Ai. In fact, from (32), (34) and 
the action of the counity on the generators of C, it is easy to verify {id® Al)Al = {A®id)Ai 
and {e®id)A L = id. 

In the following we assume that the coordinates X±i commute , in the quantum sens, with 
them selves and with the elements (spinors) of the right invariant basis of „4-r bimodule. To 
carry this quantum symmetrization, we consider the bicovariant bimodule automorphism a [4] 
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such that for any a, b E A and the left invariant element X±i = S(A I J )X± J) 6± a = S(Mj 3 )9±p 
or 0± & = S(M/)6 ± p, we have 

S(A L N )a(X (a)N ® X m ) = F {b J(S(A P N ))S(A L p )(X (b)Q ® X (a)JV ) 
where a, 6 = ± or =)=. From the later equation we deduce 

a(X {a)L ® X {b)K ) = F {b) N K {S{A L M )){X {b)N ® X ia)M ). 

For the spinors, it suffices to replace A L X by Mj 3 or M.P and -X"( )/ by 0( a ) Q or The 
symmetrization of the product is defined as 

X^lX^k = F {b) K(S(A L M ))(X( b ) N X( a ) M ), 
9 {a)a X m = F {b) N K {S{Mf)){X (b)N e w ) or 9 {a)a X (b)K = F {b) N K (S(M/))(X {b)N 9 (a)$ )(A9) 

From this, we state 

Theorem (4,1): 

The norm of X±, G± J X±iX±j is invariant and central. 

Proof.: By construction, X±j is right invariant. As a consequence of the orthogonality 
condition of the generators of C, we may easily see from the transformations of X±i (34) that 
G± J X±iX±j is left invariant. From (47) and (48), we get, for any a £ A, 

G± J X ±I X ±J a = (a* G± J (F ± j * F ±I K ))X± K X± L = 

(a * e)G ± KL X ±K X ±L = aG ± KL X ±K X ±L (50) 

which shows that the norm commutes with any a G A. 
From (48) and (49), we obain 

X( a )pG± J X ±I X±j = G± J F ±I N (S(A P M ))F ± f (S(A^))X± N X± K X^ L = 

G± J (F ± f * F ±I N )(S(Ap))X± N X± K X( a ) L = G± K X± N X± K X( a - )P . (51) 

The same results may be obtained by replacing Xi a \p by d( a )a or 9(a)a which show that the 
norm also commutes with the quantum coordinates and the spinors. Q.E.D. 

Remark(4, 1) : 

- G± K X±lX±k is biinvariant and real. Since it commutes with everything, it is of the form 
XI c with A is a real number. 

- The quantities G± j X t iX t j and G± J X Tl X±j are biinvariant but not central. 
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